In this paper, we analyze dynamic programming as a novel approach to solve the problem of maximizing the profits of a bank. The mathematical model of the problem and the description of a bank's work is described in this paper. The problem is then approached using the method of dynamic programming. Dynamic programming makes sure that the solutions obtained are globally optimal and numerically stable. The optimization process is set up as a discrete multi-stage decision process and solved with the help of dynamic programming.
1 Introduction and statement of the problem.
We discuss about the problem of optimal functioning of a bank using a simple model. A bank's role is to grant loans and accept deposits. At each moment of time the bank has complete information about depositors and borrowers, i.e., the bank knows the volume of deposits, loans and their terms. The bank has the ability to calculate the borrowing and lending interest rates based in these data. It is assumed that the lending (borrowing) interest rate, is a function that depends on the demand for loans (deposits), volumes of loans (deposits) and terms of the loan (Deposit). The bank reports the value of bets received for each client.
At the beginning of each period the bank receives loans and payments on deposits, after which it begins its considering the suggestions of investors. The bank faces the challenge of maximizing profits by choosing an optimal policy, which also includes the depositors and borrowers with whom the bank wants to work.
2 Mathematical model of the problem.
The calculation of interest rates.
Let us consider the following discrete model of the bank. There are n periods and We will use the index i = 1, . . . , n to indicate the different periods. The bank operates on the time interval [0, T ].
At each moment of time t i : 0 = t 0 < t 1 < . . . < t n = T , the bank knows the number of borrowers l i . The bank lends a known volume of capital P p i and decides the term τ pi (at which the borrower has to pay), for each of the borrower p i (p i = 1, . . . , l i ). At any time, the bank may calculate the total amount of loanable capital in each period which is nothing but the demand for loans.It is given by:
To calculate interest rate on loans,a bank uses the following conditions:
1. An increase in the interest rate, increases the interest to be paid by the borrower.
2. An increase in demand for bank loans, increases the interest rates. 3. Loan percentage and borrowing period are inversely related.
Let us assume that the interest rate at which money is lent to the borrower p i (let's denote η τp i ) is a function that depends on demand for loans Q pi , term period of the loan τ pi and the amount of being borrowed P pi
Using the conditions described above, the function of the interest rate on loans can be represented in the following form:
where b 1 , b 2 and s are known and constant coefficients, and the coefficient a i is calculated by the following recurrence relations:
a 0 is the minimum borrowing interest rate which is known to us. The borrowing interest rate ρ τ d i , the number of depositors di , where d i = 1, . . . m i ( where m i is the number of depositors in the current period) is a function of the contribution D di by the depositors d i , the term τ di and total deposits Q di in period i. Here,
The function of loan interest rate can be written as:-
The bank relies on the following conditions:
1. An increase in the amount of loan, increases the debt percentage. 2. Increasing the number of contributors, reduces the bank debt. 3. The longer the implementation period, the higher the borrowed interest.
The coefficients b 1 , b 2 and s are the same coefficients, which are used in the calculation of loan interest rates.
The coefficients c 0 and a 0 satisfy the following condition: a 0 ≥ c 0 . This is one way of calculating the interest rates as already mentioned in the introduction. The bank can also offer loan by using a more complex procedure which includes using loan interest rates on demand of loans and deposits, amount of capital loaned and deposits, duration of loan and contribution. By counting loan amount and the borrowed interest, the bank has all the information required for beginning its activity, i.e. the bank knows the amount of deposits and the amount loaned along with their terms, and interest rates.
Description of the Bank's work.
On a finite time interval [0, T ] at discrete points t i : t 0 = 0 < t 1 < . . . < t n = T , the bank has to choose clients with whom it is more profitable to work. The following paragraph describes the sequence of operation of a bank. A bank, with initial capital W 0 , decides to work with depositors and borrowers. The bank stops its search when it chooses a particular client. We use the following assumption: the amount of money loaned in the first period should not exceed the current disposable capital in the bank. This is guided by the following constraint:
where the function ∆ d1 and δ p1 are functions of favorable depositors and borrowers δ p1 = 1 , if the bank lends to the borrower P p1 , 0 , otherwise.
Remark 1. Based on the above assumption, we assume that during a period, the bank might not be able to lend money to all borrowers. (for example, if the available capital is less than the sum of volumes of all loans).
At the end of the first period, at time t 1 , the bank gets back loans with interest from the borrowers who have to repay their loans (τ p1 = 1) and has available funds. The bank makes payments on expired deposits, and stops its services for those customers, who the bank thinks at the expiration of the terms of the contribution τ d1 = 1, . . . , n will not be able to pay the money due the lack of capital available in the appropriate period (i = 1, . . . , n). Thus, the term deposits and loans equal each other,
Remark 2. In our model, it is assumed that the bank only has the ability to make the necessary payments as part of the contribution of one of its depositors and not take the entire amount. After completing these operations, at the beginning of the second period and end of the first period, i.e. at the end of t 1 , the bank has the following amount of capital:
(1)
The amount contained in the first bracket, refers to the bank's profit in the first step (period). We denote
Before a bank starts work in the second period, it must make sure that W (t 1 ) ≥ W 0 . In subsequent periods, the bank functions in the same manner as in the first period. Consider a period i. The terms used by the bank when choosing its customers remain the same. 1. The amount of money that can be loaned in the i-th period shall not exceed the cash held in the bank at that point:
2. The bank stops its services for those customers, who at the expiration of terms of the contribution, will not be able to pay the back the money due to the lack of capital:
3. A bank should always have some amount of money in liquid form.
4.A bank shouldn't operate in a loss:
Here, δ pi = 1 , if the bank lends to the borrower P pi , 0 , otherwise.
. Similarly, formula (1) describes the amount of capital available to the bank at the end i-th period:
We denote,
as the total profit function for i steps.
Here, A i is the remaining or balance capital. Then, using these designations, the cash capital will be of the form:
At the end of the period, a bank announces the results of its work that denotes that the balance capital should be equal to zero, i.e.
Thus, the total income of the bank at time t n = T will be equal to:
This is the value which is important to the bank and the bank must maximize this by choosing feasible customers throughout the entire period.
2.1 Description of the problem in terms of dynamic programming.
Deterministic case.
We will use dynamic programming as a tool to optimize the bank's profits. Dynamic programming is based on the principle optimality: optimal behavior has the property that whatever the initial condition and the solution at the initial time be, the subsequent decisions should be an optimal behavior of the state, resulting from the first solution. Let us consider the case when there is no uncertainty, i.e. all the data objectives are precise. Let us consider that the initial amount of capital the bank W 0 as the initial state of the system. The value W 0 , W (t 1 ), . . . , W (t n ) represent the amount of capital in the respective periods, which is determined by the following formula:
The efficiency of the entire process is determined by the income received by the bank within n periods, described by the formula:
Now, we have to solve solving the problem of maximizing function (2) . Rather than considering one problem with W (t i ) amount of capital and a fixed number of processes, we consider a whole family of such problems, in which W can take any positive value and n can take any integer value. Let us introduce the sequence of functions {f n (W 0 )}, which are defined for n = 2, . . . , N, W 0 > 0, as follows:
where q i = (δ pi , ∆ di ) is the selection policy of depositors and borrowers of the bank (These are the control variables). The function f n (W 0 ) represents the optimal profit obtained from a n-step process that starts with W 0 ≥ 0 capital. For the first period, the optimal policy will have the following functional form:
where Q 1 is the set of admissible controls of a one-step process which are de-scribed by the following constraints:
δ p1 = 1 , if the bank lends to the borrower P p1 , 0 , otherwise
In a two-step process, the total income will consist of income from the first step plus income from the second step. This explicitly states that the initially selected value of W 0 , which has now become W (t 1 ) must be used in the most advantageous manner. If q 1 = (δ p1 , ∆ d1 ) is optimal, then from the initial distribution and from the second step of our two-step process, we get the full income f 1 (W 1 ). Therefore, the final income from a two-step process when the initial distributional amount is W 0 is obtained by the following expression:
Accordingly, a recurrence relation
links functions f 1 (W 0 ) and f 2 (W 0 ). Using same same the argument for a n-step process, we will obtain a functional equation of the following form:
for n ≥ 2, where f 1 (W 0 ) is determined by the ratio (3).
Conclusion
Thus, if we know the value initial capital and by applying the method of dynamic programming we would get a sequence of functions {f i (W 0 )} which corresponds to the function of maximum income, and the corresponding vector functions {q i = (δ pi , ∆ di )} -is optimal management at each step.
